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It is shown that the postulation of a minimum length for the horizons of a blackhole leads to lower
bounds for the electric charges and magnetic moments of elementary particles. If the minimum
length has the order of the Planck scale, these bounds are given, respectively, by the electronic
charge and by µ ∼ 10−21µB . The latter implies that the masses of fundamental particles are
bounded above by the Planck mass, and that the smallest non-zero neutrino mass is mν ∼ 10−2eV.
A precise estimation, in agreement to the area quantisation of Loop Quantum Gravity, predicts a
mass for the lightest massive state in 99.9% concordance with flavor oscillation measurements, and
a Barbero-Immirzi parameter γ =
√
3/6.
I. HOLOGRAPHY AND DIRAC
COINCIDENCES
Eight decades have passed since the appearance of the
Dirac large number coincidences [1, 2], and they still call
our attention and reveal new facets. Among equivalent
formulations, they can be expressed by verifying that the
ratio between the mass of the observed universe mU and
a typical baryon mass mN is related to the ratio between
the latter and the Planck mass mP , which by its turn is
related to the ratio of gravitational to electrostatic inter-
actions between two charged baryons. This is expressed
mathematically by
(
mU
mN
)1/4
∼ mP
mN
∼ e√
GmN
≡ Ω, (1)
where e and G are respectively the electronic charge
and the gravitational constant, and Ω ∼ 1020. A pos-
sible explanation for the first coincidence comes from the
so called holographic principle applied to cosmological
scales [3]. This note discusses the second one. Concern-
ing the first, let us assume that the entropy of the ob-
servable universe is bounded by N ∼ l2U/l2P , as stated
by the holographic principle [4–13]. Here, lU = c/H
is the Hubble-Lemaˆıtre horizon scale in the de Sitter
limit, which for a spatially flat spacetime is given by
lU = 2GmU/c
2, and the above bound can be rewritten as
N ∼ m2U/m2P . On the other hand, the maximum number
of effective degrees of freedom in the observable volume
is N ∼ l3U/l3N , where lN = h¯/(mNc) is their wavelength
[3]. Equating the two bounds above, it is straightforward
to arrive at the first coincidence in (1).
II. THE ELEMENTARY CHARGE
From (1) we have mP ∼ ΩmN , and from the value
of the fine structure constant and the definition of the
Planck mass it follows that e ∼
√
GmP . From these two
relations we obtain
√
GmN/e ∼ Ω−1, that is, the remain-
ing coincidence we want to understand. Therefore, all we
need is to explain the value of the fine structure constant.
As we will argue below, assuming the existence of a fun-
damental area l2P as stated by the holographic conjecture,
a quantum of charge emerges, given by e ∼
√
GmP as we
need, since charges smaller than e could otherwise form
horizons with length smaller than lP . Although a com-
plete treatment of quantum blackholes is still lacking (but
see e.g. [14–16]), this reasoning assumes that lP defines a
fundamental scale for any degree of freedom. Let us ini-
tially consider the head-on scattering of two charges e at
a centre-of-mass energy E high enough to form a black-
hole of gravitational radius rg. The formed blackhole has
a mass M ∼ E/c2 ∼ e2/(rgc2). Doing rg = 2GM/c2, we
have e ∼
√
GM . Introducing now the fine structure con-
stant α = e2/(h¯c) and the Planck mass mP =
√
h¯c/G,
we obtain M ∼ √αmP . Therefore, the order of mag-
nitude of the fine structure constant is related to the
fact that the blackhole mass cannot be smaller than the
Planck mass. Note that the charges rest masses do not
matter here, as they are negligible compared to M . The
same result arises if we consider a Reissner-Nordstro¨m
blackhole [17] with rg/2 ≥ rQ ≥ lP . Doing rg/2 ≥ lP
leads to M ≥ mP . Taking rQ ≡ e
√
G/c2 ≥ lP , it fol-
lows that e2/(h¯c) ≥ 1. In this way, our argument is the
same to say that the characteristic length scale rQ of the
classical solution cannot be smaller than lP .
III. MAGNETIC MOMENTS AND
NEUTRINO’S MASS
If we now consider two parallel magnetic dipoles µ
brought at a relative distance rg, their interaction en-
ergy is given by U = µ2/r3g. Equating this energy to
Mc2 and postulating that M ≥ mP , we have
µ ≥ 2
√
2 c2l2P√
G
. (2)
A similar result can be derived from the Kerr-Newman
classical solution for a charged blackhole with angular
momentum J [17], by doing rg/2 ≥ a ≥ lp, where
a ≡ J/(Mc). This leads again to M ≥ mP and, in addi-
tion, to J ≥ h¯, the quantum of action. Furthermore, the
2blackhole magnetic moment is µ = eJ/(Mc), and using
a ≥ lp we have
µ ≥ eh¯
mP c
, (3)
which differs from condition (2) by a factor of order
√
α.
On the other hand, the magnetic moment of an elemen-
tary particle of mass m and charge e is typically given by
µ ∼ eh¯/(mc). Hence, from (3) we obtain the constraint
m ≤ mP , which suggests that the Plank mass is an up-
per limit for the mass of any fundamental particle. From
the combined constraints m ≤ mP ≤ M we may also
infer that elementary particles cannot exhibit classical
horizons. Using lP =
√
h¯G/c3, condition (2) reads
µ ≥ 2.77× 10−21µB, (4)
where µB = eh¯/(2mec) is the Bohr magneton, with me
giving the electron mass. Among the neutral elementary
particles, it is theoretically established that Dirac neutri-
nos carry magnetic moment, provided they have mass, as
flavor oscillation measurements have been robustly indi-
cating. The one-loop contributions to the neutrino mag-
netic dipole lead (in natural units) to1 [18]
µν ≈ 3eGFmν
8
√
2pi2
(5)
≈ 3.20× 10−19
( mν
1eV
)
µB,
where GF is the Fermi coupling constant and mν is the
neutrino mass. From (2) and (5) we obtain for mν the
lower bound2
mν ≈ 32pi
2
3eGFmP
(6)
≈ 8.654× 10−3 eV.
Incidentally, if one neutrino state is massless, oscillation
experiments give for the lightest massive state (assuming
normal ordering) the 1σ confidence interval [19]
m2 ≈ (8.66± 0.10)× 10−3 eV. (7)
IV. A QUANTUM GRAVITY SIGNATURE?
Prediction (6) and the observed value (7) differ by less
than 0.1%. If not a coincidence, this would be an ob-
servational signature of spacetime quantisation. We do
1 This is valid for Dirac neutrinos in the minimally extended Stan-
dard Model with right-handed singlets. Majorana neutrinos do
not have magnetic moments.
2 The last digit in this figure is affected by higher order corrections
to (5) that depend on the neutrinos mixing angles and Dirac
phase [18]. Using the current best-fits for these quantities [19],
we find mν ≈ 8.662 (8) × 10−3 eV. Note, however, that higher
order loops lead to corrections of the same order.
not have such a precision in the charge estimation of Sec-
tion II, where the effects of vacuum polarisation were not
taken into account. In the neutrino mass estimation, on
the other hand, those are second order effects as the neu-
trino magnetic moment is itself an effect of vacuum fluc-
tuations. We should also remark that the lower limit (2)
is based on an extrapolation of the classical realm to the
Planck scale. Although a lower bound mP for the black-
hole mass may be inferred from semi-classical reasonings
[14], it should be verified within a full quantum theory of
gravity. This can be done for instance in the context of
Loop Quantum Gravity [20, 21], that predicts the quan-
tisation of horizons [15, 16]. The angular momentum of
our gedanken neutrinos blackhole can be written as
J =
√
3
3
2∑
i=1
√
ji(ji + 1), (8)
with a ji = 1/2 for each of the two parallel neutrinos.
The event horizon radius rH is minimal in the extremal
case r2H = a
2 = J . Reminding that the horizon area is
A = 4pi(r2H + a2), using (8) we can write
A/2 = 8piγl2P
2∑
i=1
√
ji(ji + 1). (9)
The right-hand side of Eq. (9) can be identified with
the eigenvalues of the LQG area operator3 [24], with a
Barbero-Immirzi parameter γ =
√
3/6, in 95% agree-
ment to the approximate value derived from the Beken-
stein entropy in the limit of large horizons [25, 26]. A/2
is the effective area orthogonally pierced by the lines
of a spin network with axial symmetry, given by the
area of the equatorial circle A/4 multiplied by 2 punc-
tures per line. In other words, the horizon is pierced
by two lines of colour 1/2, each line pierces the horizon
twice, we then have four punctures, each one contribut-
ing with an area gap 4
√
3piγl2P , which totals a horizon
area A = 16√3piγl2P , as given by (9). It corresponds to a
blackhole massM = mP , as assumed in the previous sec-
tion. As the blackhole is extremal, there is no Hawking
radiation and the horizon is isolated.
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